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Abstract. A consistent and unified picture for critical phenomena of charged AdS black
holes in f(R) gravity is drawn in this paper. Firstly, we investigate the phase transition
in canonical ensemble. We derive the explicit solutions corresponding to the divergence of
CQ. The two solutions merge into one when the condition Qc =
√
−1
3R0
is satisfied. The
curve of specific heat for Q < Qc has two divergent points and can be divided into three
regions. Both the large radius region and the small radius region are thermodynamically
stable with positive specific heat while the medium radius region is unstable with negative
specific heat. However, when Q > Qc, the specific heat is always positive, implying the black
holes are locally stable and no phase transition will take place. Secondly, both the T − r+
curve and T − S curve f(R) AdS black holes are investigated and they exhibit Van der
Vaals like behavior as the P − v curve in the former research. Critical physical quantities are
obtained and they are consistent with those derived from the specific heat analysis. We carry
out numerical check of Maxwell equal area law for the cases Q = 0.2Qc, 0.4Qc, 0.6Qc, 0.8Qc.
The relative errors are amazingly small and can be negligible. So the Maxwell equal area law
holds for T −S curve of f(R) black holes. Thirdly, we establish geometrothermodynamics for
f(R) AdS black hole to examine the phase structure. It is shown that the Legendre invariant
scalar curvature R would diverge exactly where the specific heat diverges. To summarize,
the above three perspectives are consistent with each other, thus providing a unified picture
which deepens the understanding of critical phenomena of f(R) AdS black holes.
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1 Introduction
To explain the cosmic acceleration, we usually seek help from two kinds of approach. One is
to introduce the dark energy while the other is the so-called modified gravity theories. Among
the latter approach, f(R) gravity successfully mimic the cosmological history. It has various
applications in both gravitation and cosmology. For nice reviews, see Ref. [1, 2]. Black hole
solutions in f(R) gravity and their thermodynamics [3]-[18] are of interest. It is believed that
the thermodynamics of f(R) black holes distinguishes from that of black holes in Einstein
gravity. Four-dimensional charged AdS black hole solution was obtained in the R + f(R)
gravity with constant curvature [4]. Thermodynamic quantities, such as energy, entropy, heat
capacity and Helmhotz free energy were discussed [4]. P − V criticality of four-dimensional
f(R) AdS black hole was also investigated [17]. It was proved that f(R) gravity corrects
the Gibbs free energy and the ratio ρc. Recently, we derived the analytic expression of the
universal coexistence curve for f(R) AdS black hole and obtained the explicit expression of
the physical quantity describing the difference of the number densities of black hole molecules
between the small and large black hole [18].
In this paper, we would like to investigate the critical phenomena of f(R) AdS black
hole in the canonical ensemble. Specifically, we will probe in detail the behavior of the specific
heat at constant charge. Although it was calculated in Ref. [4], its interesting properties that
depend on the charge of black hole has not been covered. In fact, these properties provide
another perspective other than P − V criticality for one to understand the rich critical
phenomena of f(R) AdS black hole and certainly deserve to be further probed. Furthemore,
we will study the critical phenomena from the perspective of T − r+ curve and T − S curve.
It was first reported in literature that the T − S curve (or β − r+ curve) of RN-AdS black
hole exhibits Van der Waal like behavior [19, 20] and Maxwell equal area law can be applied
[21]. So one may wonder whether T−S curve of f(R) AdS black hole shows similar behavior.
One may also wonder whether the critical point of f(R) AdS black hole obtained from T −r+
curve and T − S curve is consistent with that from the specific heat analysis.
On the other hand, thermodynamic geometry serves as an elegant approach to probe
the phase structure of black holes. Weinhold [22] presented metric structure as gWi,j =
– 1 –
∂i∂jM(U,N
a) while the metric structures was proposed as gRi,j = −∂i∂jS(U,Na) by Rup-
peiner [23]. Moreover, Weinhold’s metrics were found to be conformally connected to Rup-
peiner’s metrics through the map dS2R =
dS2
W
T [24]. Recently, Quevedo et al. [25] proposed
the so-called geometrothermodynamics, which successfully derives Legendre invariant metrics
and reproduces the phase transition structures of various black holes [26]-[53]. In this paper,
we would also like to construct the geometrothermodynamics for f(R) AdS black hole. It is
expected to provide not only an alternative perspective of the critical phenomena but also a
tool to examine the phase structure of f(R) AdS black hole.
The organization of this paper is as follows. In Sec. 2 we will have a brief review of
the metric and relevant physical quantities of f(R) AdS black hole. Phase transition will be
investigated in canonical ensemble in Sec. 3 while Van der Vaals like behavior of Hawking
temperature and free energy will be studied and Maxwell equal area law will be numerically
checked in Sec. 4. In Sec. 5, we will establish geometrothermodynamics for f(R) AdS black
hole to examine the phase structure. Conclusions will be drawn in Sec. 6.
2 A brief review of charged AdS black holes in f(R) gravity
Charged AdS black hole solution in the R + f(R) gravity with constant curvature scalar
R = R0 was obtained in Ref. [4]. The metric reads
ds2 = −N(r)dt2 + dr
2
N(r)
+ r2(dθ2 + sin2θdφ2), (2.1)
where
N(r) = 1− 2m
r
+
q2
br2
− R0
12
r2, (2.2)
b = 1 + f ′(R0). (2.3)
Note that b > 0, R0 < 0. m and q are parameters related to the black hole ADM mass M
and the electric charge Q respectively as follows [4]
M = mb, Q =
q√
b
. (2.4)
When the curvature scalar is identified as [4]
R0 = −12
l2
= 4Λ, (2.5)
the above solution is asymptotically AdS.
The Hawking temperature, entropy and electric potential was reviewed in Ref. [17] as
T =
N ′(r+)
4pi
=
1
4pir+
(1− q
2
br2+
− R0r
2
+
4
). (2.6)
S = pir2+b. (2.7)
Φ =
√
bq
r+
. (2.8)
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3 Phase transition of f(R) AdS black hole in canonical ensemble
To investigate the phase transition in canonical ensemble, one can observe the behavior of
the specific heat at constant charge.
Substituting Eqs.(2.4) and (2.7) into Eq.(2.6), one can reexpress the Hawking temper-
ature as
T =
4bpiS −R0S2 − 4b2pi2Q2
16pi3/2
√
bS3
. (3.1)
The corresponding specific heat with charge fixed can be calculated as
CQ = T (
∂S
∂T
)Q =
2S(4b2pi2Q2 − 4bpiS +R0S2)
−12b2pi2Q2 + 4bpiS +R0S2 . (3.2)
It is apparent that Cq may diverge when −12b2pi2Q2 + 4bpiS +R0S2 = 0. The denominator
of CQ can be reexpressed as
pi2b2(R0r
4
+ + 4r
2
+ − 12Q2) = 0, (3.3)
which can be solved as
r+ =
√
2
√
− 1
R0
±
√
1 + 3R0Q2
R0
. (3.4)
The solutions are depicted in Fig.1(a). These two solutions will degenerate into one when
1 + 3R0Q
2 = 0. This can also be observed in Fig.1(a). In other words, when
Qc =
√ −1
3R0
, (3.5)
rc =
√
− 2
R0
. (3.6)
The behavior of specific heat for the cases Q < Qc, Q = Qc, Q > Qc is shown in
Fig.1(b), 1(c), 1(d) respectively. The curve of specific heat for Q < Qc has two divergent
points while that for Q = Qc has only one divergent point. Fig.1(b) can be divided into three
regions. Both the large radius region and the small radius region are thermodynamically
stable with positive specific heat while the medium radius region is unstable with negative
specific heat. So the phase transition takes place between small black hole and large black
hole. However, when Q > Qc, the specific heat is always positive, implying the black holes
are locally stable and no phase transition will take place.
Besides the specific heat, the inverse of the isothermal compressibility deserves to be
studied. It is defined as
κ−1T = Q(
∂Φ
∂Q
)T . (3.7)
which can be calculated using the thermodynamic identity relation as follow
(
∂Φ
∂T
)Q(
∂T
∂Q
)Φ(
∂Q
∂Φ
)T = −1. (3.8)
Then the explicit form of κ−1T for f(R) AdS black holes can be derived as
κ−1T =
bQ(R0r
4
+ + 4r
2
+ − 4Q2)
r+(R0r4+ + 4r
2
+ − 12Q2)
. (3.9)
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Figure 1. (a) The two roots of Eq.(3.3) for R0 = −12 (b) The specific heat CQ vs. r+ for Q = 0.1 <
Qc, b = 1.5, R0 = −12 (c) The specific heat CQ vs. r+ for Q = 16 = Qc, b = 1.5, R0 = −12 (d) The
specific heat CQ vs. r+ for Q = 0.3 > Qc, b = 1.5, R0 = −12
Comparing Eq.(3.9) with Eq.(3.3), one can see clearly that κ−1T shares the same term
R0r
4
+ + 4r
2
+ − 12Q2 in its denominator, implying that it may also diverge where the specific
heat does. The divergent behavior of κ−1T is shown in Fig.2.
4 Van der Vaals like behavior of Hawking temperature and Maxwell equal
area law
It was shown in Ref. [17] that when the cosmological constant is identified as thermodynamic
pressure, P − v graph exhibits Van der Vaals like behavior. Here, we will show that Hawking
temperature of charged AdS black holes in f(R) gravity also possess the interesting Van der
Vaals like property.
– 4 –
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Figure 2. The inverse of the isothermal compressibility κ−1T vs. r+ for Q = 0.1 < Qc, b = 1.5, R0 =
−12
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Figure 3. (a) T vs. r+ for b = 1.5, R0 = −12 (b) T vs. S for b = 1.5, R0 = −12
The possible critical point can be determined through(
∂T
∂r
)
Q=Qc,r=rc
= 0, (4.1)
(
∂2T
∂r2
)
Q=Qc,r=rc
= 0. (4.2)
Solving the above equations, one can obtain
rc =
√−2
R0
, Qc =
√ −1
3R0
. (4.3)
It can be witnessed from Eq.(4.3) that the above critical quantities only depend on
R0. Fig. 3(a) shows the curves of Hawking temperature corresponding to different values of
charge Q. Note that we choose R0 = −12, b = 1.5 in Fig. 3(a). When Q < Qc, the curve can
– 5 –
be divided into three branches. The slope of the large radius branch and the small radius
branch are both positive while the slope of the medium radius branch is negative. When
Q > Qc, the Hawking temperature increases monotonically. This phenomenon is analogous
to the van der Waals liquid-gas system.
T − S curve, depicted in Fig. 3(b), also exhibits similar behavior. The corresponding
critical point can be defined as
(
∂T
∂S
)
Q=Qc,S=Sc
= 0, (4.4)
(
∂2T
∂S2
)
Q=Qc,S=Sc
= 0. (4.5)
Substituting Eq.(3.1) into the above two equations, one can obtain
Sc =
−2bpi
R0
, Qc =
√ −1
3R0
. (4.6)
Comparing Eq.(4.6) with Eqs.(3.5), (3.6) and (4.3), one can find that the T − r+ curve,
the T − S curve and the specific heat analysis are consistent with each other. In Sec. 3 we
have shown that both the large radius branch and the small radius branch are stable with
positive specific heat while the medium radius branch is unstable with negative specific heat.
As argued in Ref. [21], one can remove the unstable branch in T −S curve with a bar vertical
to the temperature axis T = T∗ and examine the Maxwell equal area law as follow
T∗(S3 − S1) =
∫ S3
S1
TdS, (4.7)
where S1, S2, S3 denote the three values of the entropy corresponding to T = T∗. And We
assume that S1 < S2 < S3.
To facilitate the numerical check of Maxwell equal area law, we would like to first probe
the behavior of free energy, which can be derived as
F =M − TS = R0S
2 + 12pib(3bpiQ2 + S)
48pi3/2
√
bS
. (4.8)
The behavior of free energy is plotted in Fig. 4(a) for different choices of electric charge.
It is shown that the classical swallow tails characteristic of first order phase transition appears
in the case Q < Qc. To witness this phenomenon more clearly, we plot this case independently
in Fig. 4(b).
We carry out numerical check of Maxwell equal area law for the cases Q = 0.2Qc, 0.4Qc,
0.6Qc, 0.8Qc. We utilize the free energy analysis to determine T∗ and calculate respectively
the values of the left-hand side and right-hand side of Eq.(4.7). As shown in Table. 1, the
relative errors for the four cases are amazingly small and can be negligible. So the Maxwell
equal area law holds for T − S curve of f(R) black holes.
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Figure 4. (a) F vs. T for b = 1.5, R0 = −12 (b) F vs. T for b = 1.5, R0 = −12, Q = 0.1 < Qc
Table 1. Numerical check of Maxwell equal area law for b = 1.5, R0 = −12
Q T∗ S1 S2 S3 T∗(S3 − S1)
∫ S3
S1
TdS relative error
0.2Qc 0.30751656 0.00605049 0.588755 4.07802 1.25219806 1.25219807 7.98596 × 10−9
0.4Qc 0.29633040 0.02879995 0.646256 3.42695 1.00697516 1.00697508 7.94459 × 10−8
0.6Qc 0.28470500 0.08085180 0.697672 2.74658 0.75894615 0.75894619 5.27047 × 10−8
0.8Qc 0.27258400 0.19720287 0.743896 2.00189 0.49192884 0.49192938 1.09772 × 10−6
5 Geometrothermodynamics in canonical ensemble
According to geometrothermodynamics proposed by Quevedo, the non-degenerate metric G
and the thermodynamic metric g can be written as follows [32]
G = (dφ− δabIadEb)2 + (δabEaIb)(ηcddEcdId), (5.1)
g = ϕ∗(G) = (Ec
∂φ
∂Ec
)(ηabδ
bc ∂
2φ
∂Ec∂Ed
dEadEd), (5.2)
where ηab = diag(−1, · · · , 1).
Choosing M to be the thermodynamic potential and S,Q to be the extensive variables,
one can construct a five-dimensional thermodynamic phase space coordinated by the set of
independent coordinates{M,S,Q, T,Φ}. Then the non-degenerate metric G for the f(R)
AdS black holes can be written as
G = (dM − TdS − ΦdQ)2 + (TS +ΦQ)(−dSdT + dQdΦ). (5.3)
The space of thermodynamic equilibrium states can be induced via introducing the map
ϕ : {S,Q} 7→ {M(S,Q), S,Q, ∂M
∂S
,
∂M
∂Q
}. (5.4)
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Utilizing Eq.(5.2), the thermodynamic metric g can be obtained as
g = (S
∂M
∂S
+Q
∂M
∂Q
)(−∂
2M
∂S2
dS2 +
∂2M
∂Q2
dQ2). (5.5)
The relevant quantities can be obtained utilizing Eqs.(2.2), (2.4) and (2.7)
∂M
∂S
=
4bpiS −R0S2 − 4b2pi2Q2
16pi3/2
√
bS3
, (5.6)
∂M
∂Q
=
b3/2
√
piQ√
S
, (5.7)
∂2M
∂S2
=
12b2pi2Q2 − 4bpiS −R0S2
32pi3/2
√
bS5
, (5.8)
∂2M
∂Q2
=
b3/2
√
pi√
S
. (5.9)
Comparing Eqs.(5.6), (5.7) with Eqs.(3.1), (2.8), one can find that
∂M
∂S
= T,
∂M
∂Q
= Φ, (5.10)
suggesting that the first law of black hole thermodynamics dM = TdS+ΦdQ holds for f(R)
AdS black holes.
Substituting Eqs.(5.6)-(5.9) into Eq.(5.5), the component of the thermodynamic metric
g can be derived as
gSS = −9b
3piQ4
32S3
+
b(2 + 3Q2R0)
64piS
− R
2
0S
512bpi3
, (5.11)
gQQ =
b2
4
+
3b3piQ2
4S
− bR0S
16pi
. (5.12)
Programming with Mathematica 9.0, one can obtain the scalar curvature as
R =
A(S,Q)
(R0S2 − 4bpiS − 12b2pi2Q2)3(R0S2 + 4bpiS − 12b2pi2Q2)2 , (5.13)
where
A(S,Q) = 256bpi3S2 × [1152b5pi5Q4 + 144b4pi4Q2S × (7Q2R0 − 8)− 240b3pi3Q2R0S2
− 8b2pi2R0S3 × (3Q2R0 − 4)− 4bpiR20S4 − 5R30S5
]
. (5.14)
Note that R0 < 0, S > 0, b > 0, one can deduce that R0S
2 − 4bpiS − 12b2pi2Q2 < 0. So
the Legendre invariant scalar curvature R would diverge when R0S
2+4bpiS−12b2pi2Q2 = 0.
Comparing it with Eq.(3.2), it is exactly the same as the denominator of the specific heat CQ,
implying that it would diverge where the specific heat diverges. Fig. 4 presents an intuitive
understanding of the Legendre invariant scalar curvature R. Comparing Fig. 5 with Fig-
ure 1(b), one can conclude that the Legendre invariant metric constructed in geometrother-
modynamics correctly produces phase transition structure of f(R) AdS black holes.
– 8 –
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Figure 5. Thermodynamic scalar curvature R vs. r+ for Q = 0.1 < Qc, b = 1.5, R0 = −12
6 Conclusions and Discussions
In this paper, we probe the critical phenomena and geometrothermodynamics of f(R) AdS
black holes. Firstly, we investigate the phase transition in canonical ensemble. We study
in detail the specific heat CQ when the charge of f(R) AdS black hole is fixed and derive
the explicit solutions corresponding to the divergence of CQ. The two solutions merge into
one when the condition Qc =
√
−1
3R0
is satisfied. The cases Q < Qc, Q = Qc, Q > Qc
are shown intuitively. The curve of specific heat for Q < Qc has two divergent points and
can be divided into three regions. Both the large radius region and the small radius region
are thermodynamically stable with positive specific heat while the medium radius region
is unstable with negative specific heat. So the phase transition takes place between small
black hole and large black hole. However, when Q > Qc, the specific heat is always positive,
implying the black holes are locally stable and no phase transition will take place.
Secondly, we study the behavior of Hawking temperature. Both the T − r+ curve and
T − S curve exhibit the Van der Vaals like behavior as P − v curve in the former literature
[17]. Critical physical quantities are obtained and they are consistent with those derived from
the specific heat analysis. When Q < Qc, the curves can be divided into three branches. The
slope of the large radius branch and the small radius branch are both positive while that of
the medium radius branch is negative. When Q > Qc, the Hawking temperature increases
monotonically. The behavior of free energy is plotted and it is shown that the classical swallow
tails characteristic of first order phase transition appears in the case Q < Qc. We carry out
numerical check of Maxwell equal area law for the cases Q = 0.2Qc, 0.4Qc, 0.6Qc, 0.8Qc. The
relative errors are amazingly small and can be negligible. So the Maxwell equal area law
holds for T − S curve of f(R) black holes.
Thirdly, we establish geometrothermodynamics for f(R) AdS black hole to examine
the phase structure. Choosing M to be the thermodynamic potential and S,Q to be the
extensive variables, we construct a five-dimensional thermodynamic phase space coordinated
by the set of independent coordinates{M,S,Q, T,Φ}. We derive both the non-degenerate
metric G and the thermodynamic metric g for the f(R) AdS black holes. It is proved
that the first law of black hole thermodynamics dM = TdS + ΦdQ holds for f(R) AdS
black holes. Programming with Mathematica 9.0, we obtain the explicit expression of scalar
– 9 –
curvature R. It is shown that the Legendre invariant scalar curvature R would diverge when
R0S
2+4bpiS− 12b2pi2Q2 = 0. It is exactly where the specific heat diverges. So the Legendre
invariant metric constructed in geometrothermodynamics correctly produces phase transition
structure of f(R) AdS black holes.
Recently, the isocharges in the entanglement entropy-temperature plane was investi-
gated [54]. It was shown that both the critical temperature and critical exponent are exactly
the same as the case of entropy-temperature plane [54]. This intriguing finding has attracted
more and more attention [55]-[60]. Especially, Ref. [56] further proved that the Van der
Waals behavior on the entanglement entropy-temperature plane also obeys the equal area
law. It would be interesting to probe under the background of f(R) AdS black hole and
investigate the behavior of its entanglement entropy. It is expected to provide us with a
holographic perspective of critical phenomena of f(R) AdS black hole. We will return to this
issue in the near future.
On the other hand, it will also be interesting to probe the possible observational sig-
natures to be detected for black hole phase transitions. In a recent interesting paper [61],
the authors calculated the quasinormal modes of massless scalar perturbations around small
and large four-dimensional RN-AdS black holes. A dramatic change was found in the slopes
of quasinormal frequencies in small and large black holes near the critical point. Their re-
sults further confirmed the idea that the quasinormal mode can be a dynamic probe of the
thermodynamic phase transition that was proposed in former literatures [62]-[64]. Inspired
by these research, we believe that it would be a promising direction to probe in f(R) AdS
black holes the relation between the phase transition and the stability against perturbation.
Concerning the stability f(R) black holes of under perturbation, there has been nice paper
dealing with f(R) (Schwarzschild) black hole [13], f(R)-AdS (Schwarzschild-AdS) black holes
[14], rotating black hole in a limited form of f(R) gravity [15], Kerr black holes in f(R) grav-
ity [16]. Research on stability of charged f(R) AdS black holes against linear perturbation
and its relation with phase transition is called for. And it would certainly help broaden the
perspective in this paper.
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